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Abstrat
The phase spaes of the two- and three-frequeny sine-Gordon models are exam-
ined in the framework of trunated onformal spae approah. The fous is mainly
on a triritial point in the phase spae of the three-frequeny model. We give sub-
stantial evidene that this point exists. We also nd the ritial line in the phase
spae and present TCSA data showing the hange of the spetrum on the ritial
line as the triritial endpoint is approahed. We nd a few points of the line of rst
order transition as well.
PACS: 64.60.Fr; 11.10.Kk
Keywords: non-integrable quantum 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1 Introdution
The sine-Gordon model in (1 + 1) dimensions has attrated interest long time ago for
the reason that it appears in several areas of physis, nevertheless it is an integrable eld
theory, that an be used to study non-perturbative quantum eld theory phenomena. The
areas of appliation inlude statistial mehanis of one-dimensional quantum spin hains
1
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and nonlinear optis among many others  see the introdution of [1℄ for a representative
list with referenes.
In the present paper we investigate a non-integrable extension of the sine-Gordon
model alled multi-frequeny sine-Gordon model, in whih the salar potential onsists
of several osine terms with dierent frequenies. It is suggested in [1℄ that this model
an be used to give more rened approximation to some of the physial situations where
the ordinary sine-Gordon model an be used. A feature of the multi-frequeny model
that is new ompared to the usual sine-Gordon model is  apart form non-integrability
 that phase transition an our as the oupling onstants are tuned. We onentrate
our attention to this property. It should be noted that suh a phase transition is related
to the evolution of the partile spetrum of the theory as the oupling onstants vary,
and we shall use the massgap and other harateristis of the energy spetrum as order
parameter.
Our investigation is a ontinuation of the work done on the double-frequeny ase in
[3℄. We use the trunated onformal spae approah (TCSA), whih is a non-perturbative
numerial method to ompute the lowest levels of the spetrum of the Hamiltonian opera-
tor of perturbed onformal eld theories in nite volume. The appliability and reliability
of this method was thoroughly investigated in [3℄, and it was shown that the existene,
nature and loation of the phase transition an be established by this method, although
rather large number of dimensions are needed for satisfatory preision. In partiular, the
existene and loation of an Ising type transition was established in the double-frequeny
model (DSG) for the ratio 1/2 of the frequenies, verifying a predition by [1℄ based on
perturbation theory and lassial arguments. We extend these investigations to the ratio
1/3 and to the three-frequeny model (at the ratio 1/2/3 of the frequenies), in whih a
triritial point and rst order transition are expeted to be found. The numerial nature
of the TCSA makes it neessary to hoose spei values for the frequenies.
After introduing the multi-frequeny sine-Gordon model and desribing basi proper-
ties of it in Setion 2, we briey review the TCSA framework for the model (whih is the
framework desribed in [3℄ adapted to the multi-frequeny model) in Setion 3. In Setion
4 we give a desription of the phase struture of the lassial two- and three-frequeny
model, whih serves as a referene for the investigations in quantum theory. The n-
frequeny ase is also onsidered briey. Exat and elementary analyti methods an be
applied to the lassial ase, and the results are more general than in the quantum ase.
Setion 5 is devoted to theoretial onsiderations on the signatures of 1st and 2nd order
phase transitions in the framework of perturbed onformal eld theory in nite volume.
Most of these onsiderations, whih are neessary for the evaluation of the TCSA data,
an also be found in [3℄. Finally, in Setion 6 and 7 we present the results we obtained by
TCSA on the phase struture of the two- and three-frequeny model, whih are the main
results in the paper. A summary of the results and onlusions are given in Setion 8.
2
2 The multi-frequeny sine-Gordon model
2.1 The denition and basi properties of the model
The ation of the multi-frequeny sine-Gordon model (MSG) is
AMSG =
∫
dt
∫
dx
(
1
2
∂µΦ∂
µΦ− V (Φ)
)
,
where
V (Φ) =
n∑
i
µi cos(βiΦ+ δi)
is the potential, whih ontains n osine terms. Φ is a real salar eld dened on the
two-dimensional Minkowski spae R
1+1
, βi ∈ R are the frequenies, βi 6= βj if i 6= j, µi
are the oupling onstants (of dimension mass
2
at the lassial level) and δi ∈ R are the
phases in the terms of the potential.
Two ases an be distinguished aording to the periodiity properties of the potential.
The rst one is the rational ase, when V (Φ) is a trigonometri polynomial: the ratios
of the frequenies βi are rational and the potential is periodi. Let the period of the
potential be 2πr in this ase. The target spae of the eld Φ an be ompatied:
Φ ≡ Φ + 2krπ,
where k ∈ N an be hosen arbitrarily. The model obtained in this way is alled the
k-folded MSG. The well-known lassial sine-Gordon model orresponds to n = 1, k = 1.
The other ase is the irrational one, when the potential is not periodi and no suh
folding an be made. The irrational ase is muh more ompliated than the rational
one, so we restrit our attention to the rational ase in the present paper. We remark
here only that although V (Φ) always has a nite inmum, it does not neessarily admit
an absolute minimum. The potential V (Φ) an always be written uniquely as a sum
V (Φ) = V1(Φ) + V2(Φ) + ... + Vk(Φ), where the terms V1, ..., Vk are periodi but any
sum of any of these terms is not periodi. V (Φ) has an absolute minimum if and only
if V1(Φ), ..., Vk(Φ) have a ommon absolute minimum. This ours for speial hoie of
the δi, if the values of βi are given. In partiular, if βi/βj are irrational for all i 6= j and
µi < 0 for all i, then V (Φ) has a absolute minimum if and only if
δi
βi
− δj
βj
= 2pibi
βi
− 2pibj
βj
is
satised with some numbers bi ∈ Z, whih is equivalent to the ase δi = 0 for all i. See
and [1℄ and [3℄ for further remarks on the irrational ase.
At the quantum level the theory an be regarded as a perturbed onformal eld theory:
AMSG = ACFT +Apert,
where
ACFT =
∫
dt
∫
dx
1
2
∂µΦ∂
µΦ,
3
whih is the ation of the free salar partile of zero mass, and
Apert =
∫
dt
∫
dx (−V (Φ)) = −1
2
∫
dt
∫
dx
n∑
i=1
(µie
iδiVβi + µie
−iδiV−βi),
where Vω denotes the vertex operator
Vω =: e
iωΦ :,
whih is a primary eld with onformal dimensions
∆±ω = ∆ω =
ω2
8π
in the unperturbed (onformal) eld theory. The upper index ± orresponds to the
left/right onformal algebra and : : denotes the onformal normal ordering. The dimen-
sions of the ouplings at the quantum level are
[µi] = (mass)
2−2∆i , ∆i ≡ ∆βi.
The perturbing operators are relevant only if
β2i < 8π, (1)
we restrit ourselves to this ase. We also assume that
β2i < 4π,
whih is a neessary and suient ondition for the model to be free from ultraviolet
divergenies in the perturbed onformal eld theory framework [8, 1, 3℄.
The model has a massgap in general, and it is lear that phase transitions our in the
lassial version of the model as the oupling onstants are tuned (assuming that n > 1).
It is also expeted that there are topologially harged solutions/states in the model [1℄.
In the present paper we shall investigate the setor with zero topologial harge, whih
is suient for our purposes. We also restrit ourselves to 1-folded models (k = 1), as it
is natural to expet that in innite volume a folding number k 6= 1 results simply in a
k-fold multipliation of the spetrum orresponding to k = 1.
3 The Trunated Conformal Spae Approah
The matrix elements of the total Hamiltonian operator H = HCFT + Hpert an be al-
ulated expliitly (and exatly) between any two elements of the Hilbert spae HCFT of
the onformal eld theory. Restriting to a nite dimensional subspae H0 of HCFT by
4
introduing an upper onformal energy uto H beomes a nite matrix, whih an be
diagonalized numerially to get an approximation of the spetrum. As this desription
shows, TCSA is a variational method.
The k-folded free boson as a onformal eld theory ontains the following primary
elds:
Vp,p¯(z, z¯) =: exp[ipφCFT (z) + ip¯φ¯CFT (z¯)] :
with onformal dimensions ∆+ = p
2
8pi
, ∆− = p¯
2
8pi
, where p = n
r
+ 2πrm, p¯ = n
r
− 2πrm,
n,m ∈ Z,
ΦCFT (x, t) = φCFT (x− t) + φ¯CFT (x+ t).
HCFT is spanned by the states |p, p¯〉 = limz,z¯→0 Vp,p¯(z, z¯)|0〉 (|0, 0〉 ≡ |0〉) and an1...a¯m1...|p, p¯〉,
where ani and a¯mi are reating operators of Fourier modes on the onformal plane. The
onformal generators L0 and L¯0 are diagonal in this basis. The basis of H0 is obtained by
taking those elements |v〉 of the basis above whih satisfy the trunation ondition
〈v| L
2pi
HCFT |v〉
〈v||v〉 < ecut.
ecut is the dimensionless upper onformal energy uto and L is the volume of spae. We
restrit ourselves to the setor with zero topologial harge (p = p¯), this being the setor
ontaining the ground state(s) and the relevant information for the problem treated in
this work. In the setor ontaining the ground state(s) the Lorentz spin of all the states
is also zero, so we also impose the ondition (L0 − L¯0)|v〉 = 0. (The operator L0 − L¯0
ommutes with H and HCFT as well). We remark that ecut serves as an ultraviolet uto.
The matrix elements of H between two elements |a〉 and |b〉 of the basis ofHCFT above
are given by (
H
M
)
ab
=
2π
l
(
L0 + L¯0 − c
12
)
ab
(2)
+
2π
l
n∑
j=1
sgn(µj)κj
(
Mj
M
)xj lxj
2(2π)xj−1
eiδj (Vβj ,βj(1, 1))abδ∆a−∆¯a,∆b−∆¯b
+
2π
l
n∑
j=1
sgn(µj)κj
(
Mj
M
)xj lxj
2(2π)xj−1
e−iδj (V−βj,−βj(1, 1))abδ∆a−∆¯a,∆b−∆¯b ,
where M is a mass sale of the theory given below, l = LM is the dimensionless volume,
xj = 2− 2∆j, ∆j ≡ ∆βj ; ∆a, ∆¯a, ∆b, ∆¯b are the onformal weights of the states |a〉 and
|b〉, c is the entral harge of the onformal theory (c = 1 in the present ase), and we
have made a replaement orresponding to
|µj| = κjMxjj .
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The interpolating mass sale M is
M =
∑
j
ηjMj ,
where
ηj =
|µj|1/xj∑
i |µi|1/xi
(3)
are the dimensionless oupling onstants (of whih only n−1 are independent). (3) implies
that ηj ∈ [0, 1],
∑
j ηj = 1. M depends smoothly on the ηj-s. The preise expression for
κ is not essential for our problem, we need only that κ depends on ∆ only and that it is
dimensionless. Following [3℄ we used the formula of [7℄:
κj =
2Γ(∆j)
πΓ(1−∆j)
(√
πΓ( 1
xj
)
2Γ(
∆j
xj
)
)xj
.
The formula (2) is written in terms of dimensionless quantities, and the volume (l)
dependene of H/M is also expliit. It is lear from (2) that TCSA gives an exat result
if l → 0 (assuming (1)) and this limit of the theory is the onformal theory (the massless
free boson), and the auray of the TCSA spetrum dereases at xed ecut as l → ∞.
For very large values of l the l-dependene of the spetrum of the TCSA Hamiltonian
is power-like, as it is determined diretly by the lxj−1 oeients in (2). The TCSA
Hamiltonian annot be onsidered as good approximation for these values of l. Inreasing
the value of ecut generally inreases auray, and the TCSA is expeted to give better
approximation for the lower lying energy levels than for the higher ones.
We denote the (dimensionless) energy levels of H/M in volume l by ei(l), i = 0, 1, 2, ...,
and e0 ≤ e1 ≤ e2 ≤ ... if not stated otherwise. We shall draw onlusions about the
spetrum at l = ∞ from the behaviour of the funtions ei(l) for low values of i and
moderately large values of l.
We refer to [3, 4, 5℄ for more details on the TCSA framework.
4 Phase struture in the lassial limit
4.1 Phase struture of the two-frequeny model in the lassial
limit
The Lagrangian density takes the following form in the two-frequeny ase:
L = 1
2
∂µΦ∂
µΦ− µ cos(βΦ)− λ cos(αΦ+ δ),
6
where
β
α
=
n
m
6= 1,
n and m are oprimes (and the folding number equals to one).
Proposition 1: Assume that µ, λ 6= 0. Then the following three ases an be distin-
guished:
a.) If the funtion V (Φ) is symmetri with respet to the reetion Φ 7→ 2Φ0 − Φ,
where Φ0 is a suitable onstant, and n,m > 1, then V has two absolute minima, whih
are mapped into eah other by the reetion. We remark that it depends on the value of
δ whether V has this symmetry or not, and it is easy to give a riterion for the existene
of this symmetry in terms of n,m and δ.
b.) If V is symmetri with respet to a reetion as in ase a., but n = 1 or m = 1,
then V has one or two absolute minima depending on the values of µ and λ. In this ase,
assuming that n = 1, V an be brought to the form
V (Φ) = −|µ| cos(βΦ) + |λ| cos(mβΦ)
by an appropriate shift of Φ. V has two absolute minima if |λ/µ| > 1/m2, and one absolute
minimum if |λ/µ| ≤ 1/m2. The two absolute minima are mapped into eah other by the
reetion. The seond derivative of V is nonzero at the minima if |λ/µ| 6= 1/m2, but it
is zero if |λ/µ| = 1/m2. In the latter ase, the fourth derivative of V at the minimum is
nonzero. The two minima of V merge and the value of the seond derivatives of V at the
two minima tends to zero as |λ/µ| approahes 1/m2 from above.
.) If V does not satisfy the requirements of a) and b), then V has a single absolute
minimum.
We omit the proof of this proposition, whih is elementary, although long and not
ompletely trivial beause of the arbitrariness of n and m.
If µ or λ equals to zero, then V is periodi and has m or n absolute minima, respe-
tively. See [4℄ for a detailed investigation of these (integrable) limiting ases.
The phases of the lassial model are determined by the behaviour of absolute minima
of V (Φ) as the value of the oupling onstants vary. In partiular, Proposition 1 implies
that the phase struture of the two-frequeny model is the following:
The model exhibits an Ising-type seond order phase transition at the ritial value
ηc =
m
1 +m
of the dimensionless oupling onstant η =
√|µ|/(√|µ| +√|λ|) if n = 1 and V has the
Z2-symmetry introdued above. This ritial point separates two massive phases with
unbroken and spontaneously broken Z2-symmetry. Equivalent statement an be made if
m = 1. If V is not symmetri, then there is only one massive phase with nondegenerate
ground state. If m,n 6= 1 and V is symmetri, then there is one massive phase with
7
doubly degenerate ground state (i.e. the reetion symmetry is spontaneously broken).
In the limiting ases η = 0 and η = 1 the model is massive and has spontaneously (and
ompletely) broken Zn or Zm symmetry.
4.2 Phase struture of the three-frequeny model in the lassial
limit
A omplete desription of the behaviour of the absolute minima of V for all values of the
parameters beomes exessively diult in the three- and higher-frequeny ases, so we
restrit our attention to partiular values. The potential in the three-frequeny ase is
V (Φ) = µ1 cos(β1Φ) + µ2 cos(β2Φ + δ2) + µ3 cos(β3Φ + δ3). (4)
We hoose the frequeny ratios 3 : 2 : 1, i.e.
β1 = β, β2 =
2
3
β, β3 =
1
3
β.
This three-frequeny model has a triritial point if and only if δ2 = δ3 = 0 (and also in a
few equivalent ases), in this ase V is symmetri with respet to the reetion Φ 7→ −Φ.
In the triritial point the absolute minimum of V an be loated only at 0 or π. The two
ases are equivalent, we onsider the ase when the loation of the absolute minimum is
0. The triritial point in this ase is loated at
µ1
µ2
= −1
6
,
µ1
µ3
=
1
15
.
In this point V (6)(0) 6= 0. (The upper index (6) denotes the sixth derivative with respet
to Φ.) V (6)(0) > 0 requires µ1, µ3 < 0 and µ2 > 0. We restrit ourselves to this domain
and to the values δ2 = δ3 = 0.
The phase diagram is shown in Figure 1. The points of the diagram orrespond to the
values of the pair (η1, η2) of dimensionless parameters. The allowed values onstitute the
left lower triangle, the straight line joining (0, 1) and (1, 0) orresponds to η3 = 0. The
triritial point is denoted by t, it is loated at(
1
1 +
√
6 +
√
15
,
√
6
1 +
√
6 +
√
15
)
≈ (0.1365, 0.3345).
At t V has one single and absolute minimum (at Φ = 0). Phase transition ours when
the lines 5 and 3 shown in the phase diagram are rossed. Seond order Ising-type phase
transition ours on 5 and rst order phase transition ours on 3. The domain A ∪
B ∪ F orresponds to a massive Z2-symmetri phase (with unique ground state). The
domain E ∪ C orresponds to a massive phase with spontaneously broken Z2-symmetry.
Charateristi shapes of the potential in the various domains and on the various lines of
the phase diagram an be seen in Figure 2. Data applying to the quantum ase are also
shown in Figure 1, they will be explained in subsequent setions.
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Figure 1: Phase diagram of the lassial three-frequeny sine-Gordon model at β1/β2/β3 =
3/2/1, δ1 = δ2 = δ3 = 0, µ1, µ3 < 0 and µ2 > 0. The rosses and the square orrespond
to ertain quantum theory values desribed in Setion 7.
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Figure 2: Charateristi shapes of the potential
4.3 n-frequeny model in the lassial limit
Let us take the n-frequeny model with βi = iβ, i = 1..n, and δi = 0. In this ase there
exist unique values of µi/µ1, i = 2..n so that V (x) has a single global minimum at x = 0
and has no other loal minima, and V ′′(0) = 0, V ′′′′(0) = 0, ... ,V (2n)(0) = 0 also hold.
The values of µi/µ1 are determined by the latter equations. The point orresponding to
these values of µi/µ1 is an n-fold multiritial point in the phase spae. The neigbourhood
of this multiritial point ontains m-fold multiritial points for any integer 0 < m < n.
These statements an be proved using well known properties of analyti funtions and
the fat that V is a trigonometri polynomial. We omit the details of the proof.
5 Signatures of 1st and 2nd order phase transitions in
nite volume
The onsiderations in this setion apply to quantum eld theory.
The behaviour of the spetrum is governed by the l → 0 limiting onformal eld
theory for small values of l, so en(l)− e0(l) ∼ 1/l. Massive phases in innite volume are
haraterized by the existene of a massgap and the behaviour liml→∞(en(l)−e0(l)) = Cn,
where Cn ≥ 0 are onstants. Cn = 0 if 0 ≤ n ≤ d and Cn > 0 if n > d, if the ground
state has d-fold degeneray in innite volume. In a phase with spontaneously broken
symmetry the spetrum is degenerate in the l →∞ limit, in nite volume the degeneray
is lifted (at least partially) due to tunneling eets. The resulting energy split between
the degenerate vaua vanishes exponentially as l →∞.
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In the ritial points (in innite volume) the massgap vanishes and the Hilbert spae
ontains a setor that orresponds to the onformal eld theory speifying the universality
lass of the ritial point. We onsider this setor in the following disussion. In nite
but large volume near the ritial point this setor of the theory an be regarded as the
l → ∞ limiting onformal theory perturbed by some irrelevant and relevant operators.
The orresponding TCSA Hamiltonian takes the (generi) form
H =
2π
L
(
(L0)IR + (L¯0)IR − cIR
12
+
∑
ψ
gψL
2−2∆ψ
(2π)1−2∆ψ
ψ(1, 1)
)
, (5)
where the ψ are the perturbing elds. This piture gives the following volume dependene
of energy levels (in the rst order of onformal perturbation theory):
eΨ(l)− e0(l) = 2π
l
(∆+IR,Ψ +∆
−
IR,Ψ) +
∑
ψ
AψΨl
1−2∆ψ , (6)
where ∆+IR,Ψ and ∆
−
IR,Ψ are the onformal weights of the state Ψ in the l → ∞ limiting
CFT, AψΨ are onstants that also depend on the partiular energy eigenstate Ψ. The
presene of irrelevant perturbations (1−2∆ψ < −1) is due to the niteness of the volume,
whereas the presene of the relevant perturbations (1 − 2∆ψ > −1) is aused by the
deviation of the ontrol parameters from the ritial value and by the UV uto.
The loation of the ritial points an be determined using the riterion of vanishing
massgap. A more preise method that also allows the determination of the universality
lass of the ritial point (i.e. the l → ∞ limiting CFT) is the following: We make
an assumption that the ritial point is in a ertain universality lass. This assumption
predits the set of ψ-s, the values of ∆+IR,Ψ and ∆
−
IR,Ψ, and the values of the ∆ψ-s in (6).
We take leading terms of the series on the r.h.s. of (6) and determine the value of the
(∆+IR,Ψ + ∆
−
IR,Ψ)-s and of the A
ψ
Ψ-s by tting to the TCSA energy data. The magnitude
of the AψΨ-s orresponding to the relevant perturbations measures the deviation from the
ritial point, so if the assumption on the universality lass is right, then by tuning the
oupling onstants one should be able to nd a (ritial) value of the ontrol parameter at
whih these AψΨ-s are small, the TCSA data are desribed well by (6) (terms from higher
orders of perturbation theory an be inluded if neessary) in a reasonably large interval of
the values of l, and the values of the (∆+IR,Ψ+∆IR,Ψ)-s obtained from the TCSA data agree
with the assumption with good preision. The interval where (6) desribes the TCSA data
well is alled the saling region. This region may be (and in fat is) dierent for dierent
energy levels. We remark that it is also possible to make a theoretial predition for
e0(l), whih allows to extrat cIR from the TCSA data for e0(l) in priniple [3℄. However,
experiene ([3℄) shows that the auray of the TCSA data is not suient to determine
cIR preisely in this way, so we do not attempt to extrat cIR diretly from the TCSA
data in this paper.
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Figure 3: Typial shape of V (Φ) in the broken and in the unbroken symmetry phase
In the lassial ase a rst order phase transition ours when the absolute minimum
of the potential beomes a relative minimum and a previously relative minimum beomes
absolute. In the quantum ase this phase transition is haraterized by the presene of
runaway energy levels with asymptoti behaviour e(l) ∼ cl for large l in the neighbor-
hood of the transition point, where c is a onstant that tends to zero as the transition
point is approahed. The multipliity of the ground state also hanges as the transition
point is passed if the two phases have dierent symmetry properties. We remark that
runaway energy levels are present in general whenever a model has unstable vaua.
6 The phase diagram of the two-frequeny model in the
ase
α
β =
1
3, δ =
π
3
We assume that λ, µ > 0, and use the parameter
η˜ =
λxβ
µxα + λxβ
instead of η in this ase to onform with [3℄.
The lassial model with α/β = 1
3
, δ = pi
3
exhibits an Ising type phase transition at
η˜ = 34/(1 + 34).
Considering the quantum ase we proeed along the lines of [3℄ in this setion. The
numerial nature of the TCSA makes it neessary to hoose a nite number of values for
β and l at whih alulations are done. One should hoose as large values for l as possible,
the l →∞ limit being of interest. However, the auray of TCSA dereases as l grows.
The auray an be improved by taking higher ecut, but this inreases the size of TCSA
Hamiltonian and the time needed for diagonalization. Experiene shows that auray
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dereases for values β near to
√
4π (this is the value where UV divergenes appear in
onformal perturbation theory) although the speed of onvergene of the spetrum to
the l → ∞ asymptoti values inreases, and the speed of onvergene beomes very low
for values of β near to 0. Taking these properties of the TCSA into onsideration and
following [3℄ we performed alulations at the values β = 8
√
π/7, 4
√
π/3, 8
√
π/5. We also
note that the auray of the TCSA spetra is severely dereased if V has several (loal)
minima.
Figure 3.a and 3.b show the shape of the lassial potential in the phases with broken
and unbroken Z2-symmetry, respetively. Figures 4.a-4.g show TCSA spetra obtained
at β = 4
√
π/3 at various values of η˜. The TCSA Hilbert spae had dimension 3700, the
rst 12 energy levels are shown in the gures. The highest values of l are hosen so that
the trunation error still be small (the massgap remain onstant). However, the eet of
trunation is pereptible in Figure 4.b for instane. It an be seen that in the domain
η˜ < 0.92 the ground states and the rst massive states are doubly degenerate. (They are
triply degenerate at η˜ = 0.) Runaway energy levels (of onstant slope) orresponding
to the single loal minimum of the potential an also be seen (espeially learly in Figure
4.b). In the domain η˜ > 0.98 the spetra are massive, but the ground state and the rst
massive state are nondegenerate. In the intermediate domain (espeially for η˜ ∼ 0.95)
the struture of the spetrum hanges, no massgap and degeneray an learly be seen.
We obtained similar spetra at β = 8
√
π/5 and β = 8
√
π/7 as well. As we did not
see runaway energy levels that would have signaled rst order phase transition in the
transitional domain of η˜ we analyzed the data by looking for a seond order Ising type
phase transition at some ritial values η˜c(β).
The Ising model ontains three primary elds: the identity with weights (0, 0), the ǫ
with weights (1/2, 1/2), and σ with weights (1/16, 1/16). Sine the DSG model exhibits
the Z2-symmetry for all values of η˜, the Z2-odd σ and its desendants annot appear
as perturbations in the Hamiltonian (5). The only relevant eld ompatible with the
Z2-symmetry is ǫ (the ontribution of the identity anels in the relative energy levels).
The presene of a relevant perturbation ǫ in the Hamiltonian leads to a orretion BΨ or
BΨ+CΨl to eΨ(l)−e0(l). The term CΨl is of seond order in perturbed CFT. The leading
irrelevant perturbation (ompatible with the Z2-symmetry) is the rst desendant of ǫ,
this gives a orretion AΨl
−2
to eΨ(l) − e0(l) (in rst order). Thus we expet that in a
large but nite volume range, near η˜c(β), the volume dependene of the energy levels is
desribed well by the formula
ei(l)− e0(l) = 2π
l
Di + Ail
−2 +Bi + Cil. (7)
We tted this funtion to the lowest energy levels obtained by TCSA and determined the
best η˜c(β) value by tuning η˜ in the transition region and looking for whether e2(l)−e0(l)
ontinues to derease along the omplete l range (liml→∞(e2(l)−e0(l)) = 0 only at η˜c(β)),
and Bi and Ci are as small as possible. The result is shown in Table 1. The tting was
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State Di Ai Bi Ci
i = 1 0.138± 0.0005 −2.0 ± 0.02 −0.0046± 0.0001 2.98 · 10−5 ± 9 · 10−7
i = 2 1.00± 0.01 −74± 2 0.004± 0.001 9 · 10−6 ± 4 · 10−6
β = 8
√
π/5, η˜ = 0.944
State Di Ai Bi Ci
i = 1 0.125± 0.001 −2.63± 0.025 −0.0002± 0.0001 3 · 10−7 ± 1 · 10−6
i = 2 1.04± 0.02 −152± 6 0.0014± 0.0009 −1.5 · 10−5 ± 2 · 10−6
β = 4
√
π/3, η˜ = 0.955
State Di Ai Bi Ci
i = 1 0.125± 0.001 −4.4± 0.1 −0.0009± 0.0001 4 · 10−7 ± 5 · 10−7
i = 2 1.00± 0.02 −252± 9 0.0002± 0.0004 4.3 · 10−6 ± 6 · 10−7
β = 8
√
π/7, η˜ = 0.961
Table 1: The results of tting (7) to the rst two exited levels for various values of β at
the estimated ritial value of η˜
done in the volume ranges l = 10 − 105, l = 55 − 105; l = 10 − 140, l = 100 − 190;
l = 20 − 200, l = 150 − 390. The errors presented ome from the tting proess and do
not ontain the trunation errors whih are generally muh larger.
The rst two energy levels above the ground state orrespond to the operators σ and ǫ in
the Ising model. These operators have onformal weights ∆± = 1/16 and ∆± = 1/2, so
the exat values for D1 and D2 are
D1 = 0.125, D2 = 1.
The results of the ts agree quite well with this predition.
The TCSA data obtained at the estimated values of η˜c using a trunated spae with
dimension 4800, 5300 and 5100 are shown in Figure 5. These gures show energy levels
multiplied by l/(2π) as funtions of l. The onstant lines orresponding to the Ising model
values of Di are also shown in these gures.
To summarize, evaluating the TCSA data we found that the phase transition is seond
order and Ising type at the values of β hosen. This statement is true up to the preision
of the TCSA data, whih is about 10−2 − 10−3 for the values of the volume used. We
remark that it is not possible to distinguish a seond order transition from a (very) weakly
rst order transition by TCSA.
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Figure 6: The phase diagram of the two-frequeny model at α/β = 1/2 and α/β = 1/3
For values of β near 0 we expet seond order phase transition, beause the model is
semi-lassial in this region and so the orretion to the lassial potential in the eetive
potential is expeted to be small.
A orretion to the lassial potential in the eetive potential of frequeny 2β/3 is
possible in priniple. A orretion with this frequeny is unlike in the ase of α/β =
1/2 relevant for any values of β, and it an be veried by elementary alulation that
it may hange the order of the transition outside the semilassial region if its oeient
is suiently large (see also [2, 3℄). However, the auray of TCSA did not allow us
to perform alulations at values about β2 > 8π/3 and to hek the nature of phase
transition in this domain.
The phase diagram in the (β, η˜) plane based on the data obtained by TCSA an be
seen in Figure 6. We took into onsideration that η˜c(0) = 3
4/(1 + 34) ≈ 0.988 is exatly
known β = 0 being the lassial limit, and at β =
√
8π the term with frequeny β in the
potential beomes irrelevant and thus for β →√8π the other term and so the symmetri
phase is expeted to dominate, so limβ→
√
8pi η˜c(β) = 0. The gure shows the three values
of η˜c obtained from the TCSA data and the two values at β = 0 and β =
√
8π. The
ontinuous line is obtained by tting an even polynomial (note that η˜c(β) = η˜c(−β)) to
these values and is shown in order to get an idea of the phase transition line. The model
is in the symmetri phase above the line and in the phase with broken symmetry below
the line. The data obtained by [3℄ for the α/β = 1/2 ase are also shown, the dashed line
is tted to these data.
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7 Phase diagram of the three-frequeny model
We take the same values of the parameters of (4) as in setion 4.2, namely β1 = β, β2 =
2
3
β, β3 =
1
3
β, δ2 = δ3 = 0, µ1, µ3 < 0, µ2 > 0, and investigate the quantum model in this
ase.
7.1 The triritial point
The triritial Ising model ontains 6 primary elds with the following onformal weights:
(0, 0),
(
1
10
,
1
10
)
,
(
3
5
,
3
5
)
,
(
3
2
,
3
2
)
, (8)
and (
3
80
,
3
80
)
,
(
7
16
,
7
16
)
. (9)
The elds orresponding to (8) are even and those orresponding to (9) are odd with
respet to the parity, so only the elds orresponding to (8) and their desendants an
ontribute to the Hamiltonian (5). Thus the volume dependene of the energy levels near
the triritial point should be desribed well for large l by
eΨ(l)− e0(l) = 2π
l
(∆+IR,Ψ +∆IR,Ψ) + AΨl
−0.2 +BΨl
0.8 + ...,
where only the leading terms are kept. Searhing for the triritial point we tted the
funtion
2π
l
Di + Ail
−0.2 +Bil
0.8
(10)
to the data obtained by TCSA for ei(l)−e0(l) near the estimated loation of the triritial
point. Best ts are shown in Table 2. (The errors presented ome from the tting proess
and do not ontain the trunation errors whih are generally muh larger.) The tting
was done in the volume ranges l = 50−230, l = 110−230, the dimension of the trunated
Hilbert spae was 13600. The results of the tting support the existene of a triritial
point loated (approximately) at η1 = 0.163, η2 = 0.3518. The exat values of D1 and D2
in the triritial Ising model are
D1 = 0.075, D2 = 0.2.
The numerial results agree quite well with this predition. The TCSA spetrum obtained
at the triritial point is shown in Figure 7. The values of Di predited by the triritial
Ising model are also shown in the gure. The dashed lines and + signs are used for odd
parity states, the ontinuous lines and × signs are used for even parity states.
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State Di Ai Bi
i = 1 0.074± 0.004 −0.0060± 0.001 2.8 · 10−5 ± 5 · 10−6
i = 2 0.196± 0.01 −0.006± 0.002 2.4 · 10−5 ± 6 · 10−6
β = 8
√
π/7, η1 = 0.163, η2 = 0.3518
Table 2: The results of tting (10) to the rst two exited levels in the estimated triritial
point
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Figure 7: [ei(l)−e0(l)]·l/2π as funtions of l obtained by TCSA at β = 8
√
π/7, η1 = 0.163,
η2 = 0.3518
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η1 η2 η1 η2 η1 η2 η1 η2
0.01 0.354 0.06 0.355 0.11 0.359 0.16 0.357
0.02 0.354 0.07 0.3555 0.12 0.36 0.163 0.3565
0.03 0.354 0.08 0.356 0.13 0.36
0.04 0.354 0.09 0.3575 0.14 0.3595
0.05 0.354 0.1 0.3585 0.15 0.359
Table 3: Points of the ritial line found by TCSA
We used a modied version of the TCSA ode exploiting the Z2-symmetry of the
model by taking even and odd basis vetors and taking the Hamiltonian on the even and
odd subspaes separately, whih redues the total time needed for diagonalization and
thus allows to take higher ecut values.
The TCSA data for the rst two exited states t quite well to the predition of
the triritial Ising model, the energy levels of the next two exited states also show
orrespondene with the predition. Clear orrespondene annot be seen for higher
levels.
7.2 The ritial line
The points of the ritial line we found using TCSA are listed in Table 3. The value of η1
was hosen and xed in advane, and then η2 was estimated in the same way as desribed
in Setion 6. These points are also marked in Figure 1 by rosses. The dimension of the
trunated Hilbert spae was 10269 in these alulations, whih orresponded to ecut = 17.
The value of β was 8
√
π/5. Figures 8.a-l show the TCSA spetra (espeially the lowest
lying energy levels) obtained in these points as well as the values of Di orresponding to
both the ritial and the triritial Ising model. Crosses are used for odd parity states,
squares are used for even parity states. It an be seen that moving on the ritial line
in the phase spae towards the triritial endpoint the nite volume spetrum hanges
ontinuously. In the η1 < 0.11 domain the spetra (espeially the rst two levels) orre-
spond learly to phase transitions in the Ising universality lass. At η1 = 0.11 the rst
exited level already appears to orrespond to the predition of the triritial Ising model,
whereas the seond exited level still has the behaviour predited by the Ising model. It
would be very interesting to know the large volume behaviour (and innite volume limit)
of the rst exited level, but the preision of TCSA does not allow to determine it. What
we an see is that there is no sign in the TCSA data that the rst exited level follows the
preditions of the Ising model in the large volume limit. In the domain 0.11 ≤ η1 ≤ 0.16
there is a spetaular rearrangement of the higher energy levels (already observable in the
η1 < 0.11 domain), and at η1 = 0.16 the seond exited level also appears to orrespond
to the predition of the triritial Ising model. We regard therefore the point η1 = 0.16,
20
η2 = 0.357 to be the triritial endpoint of the ritial line, this point is marked by a
square in Figure 1. (We did not aspire to determine the value of η1 more preisely for
this value of β.) Eah gure shows the spetrum in the volume interval l = 0..200, and
for the large values l ≈ 200 the trunation error is always onspiuous.
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Figure 8: [ei(l) − e0(l)] · l/2π as funtions of l obtained by TCSA at β = 8
√
π/5 and at
various points (η1, η2) lying on the ritial line, the preditions of the ritial Ising model
(ontinuous horizontal lines) for Di, the preditions of the triritial Ising model (dashed
horizontal lines) for Di
Moreover, the value of l where the trunation errors beome large gets smaller and smaller
as the triritial point is approahed, whih orresponds to the fat that a triritial point
as renormalization group xed point is more repelling than an Ising type one. Inreasing
η1 further the behaviour orresponding to the triritial point would rapidly disappear
from the nite volume spetrum.
7.3 The line of rst order transition
Figures 9.a-j show TCSA spetra obtained at η1 = 0.6 and at various values of η2 between
0.17 and 0.30. The energy levels are shown as ompared to the lowest level. The dimension
of the trunated Hilbert spae was 6597 in these alulations, whih orresponded to
ecut = 16. The value of β was 8
√
π/5. Dashed lines are used for odd parity levels and
ontinuous lines for even parity levels.
At η2 = 0.17 (and also for η2 < 0.17) the ground state is unique for all values of l,
whereas doubly degenerate runaway levels an also be seen. At η2 = 0.19, however, the
ground level is doubly degenerate for small values of the volume but beomes nondegen-
erate in large volume,
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Figure 9: [ei(l) − e0(l)], i = 0..19 as funtions of l obtained by TCSA at β = 8
√
π/5,
η1 = 0.6 and at various values of η2
i.e. there is a value of l where the doubly degenerate runaway level and the single level ross
eah other. The slope of the runaway levels beome smaller and smaller as η2 is inreased,
and the rossing point also moves towards larger and larger values. At η2 = 0.3 the
ground state is already doubly degenerate for all values of l and nondegenerate runaway
levels are present. These features indiate that a rst order phase transition ours at an
intermediate value of η2. The behaviour of the nite volume spetra around the transition
point seen in the gures implies that a preise determination of the transition point from
the TCSA data in a diret way would require preise data for large values of l. For this
reason we did not aspire to nd many points of the line of rst order phase transition,
we did TCSA alulations only at η1 = 0.4 and η1 = 0.6, and we roughly estimated the
loation of the rst order phase transition at these values. Our estimation based on the
TCSA data are η2 = 0.30 and η2 = 0.21. These points are also marked in Figure 1 by
rosses. The Figures 9.a-j show the rst 20 levels in the domain l = 0..200. Unfortunately
the trunation eet is large in most of this domain of l, however we expet that those
qualitative features of the spetra whih we allude to are orret.
8 Conlusions
In this work we investigated seleted speial ases of the multi-frequeny sine-Gordon
theory, espeially the struture of their phase spae, ontinuing the work begun in [3℄.
Conerning the lassial limit we found that the only possible phase transition in the
(rational) two-frequeny ase is a seond order Ising-type transition. The three-frequeny
model has some new qualitative features ompared to the two-frequeny model: a tririti-
al point whih is at the end of a ritial line an also be found, and rst order transition is
possible as well. The phase spae of the n-frequeny model ontains n-fold ritial points,
otherwise we do not expet new qualitative features ompared to the three-frequeny
model.
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The numerial (TCSA) alulations in the quantum ase yielded the following results:
we found the same type of phase transitions as in the lassial ase, in partiular we were
able to determine the seond order Ising nature and the loation of the phase transition
in the two-frequeny model with good preision. Quantum orretions did not alter the
nature of the phase transition. The auray of the TCSA also allowed us to nd the
triritial point in the three-frequeny ase, whih we regard the main result of the paper.
This demanded muh more numerial work than the two-frequeny model for the following
reasons: the two-frequeny model has only one-dimensional phase spae, whereas the
phase spae is two-dimensional in the three-frequeny model; and the triritial point as
a renormalization group xed point is more repelling than the Ising-type ritial point,
so we had to take larger trunated spae. Furthermore, we found several points of the
ritial line and observed how the TCSA spetrum hanges as the triritial endpoint is
approahed. It would be interesting to investigate this with onsiderably better preision.
Although the fous was mainly on the triritial point, we also investigated the rst order
phase transition in the three-frequeny model and we found that the rst order nature an
be established by TCSA, but the loation of the transition an be determined muh less
aurately than that of the seond-order transition. We expet that multiritial points in
the universality lasses of further elements of the disrete unitary series ould be found in
the higher-frequeny models, but inreasing auray is needed, beause these multiritial
points are more and more repelling. Finally, we remark that the quantum orretions did
not alter the nature of the phase transitions in any of the ases we investigated, and in the
lassial and quantum theory the loation of transition points is almost the same. The
investigation of the multi-frequeny model with irrational frequeny ratios is still an open
problem. We also remark that the partile ontent of the multi-frequeny sine-Gordon
model ould also be investigated by the method of semilassial quantization [6℄.
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